Phonon dispersion relations of a two-dimensional ͑2D͒ graphite are obtained by fitting dispersive Raman modes that originate from nonzone center phonons near the ⌫ or K point in the Brillouin zone ͑BZ͒. A new set of 12 force constants of 2D graphite up to the fourth neighbor are determined by a self-consistent fitting procedure, combined with double-resonance Raman theory. Analytical expressions for eigenvalues and eigenvectors at high symmetry points of the BZ are presented.
I. INTRODUCTION
Phonon energy dispersion relations are a fundamental physical property of a solid especially for determining the mechanical, thermal, and other condensed-matter phenomena. The phonon energy dispersion of three-dimensional ͑3D͒ graphite ͑or two-dimensional ͑2D͒ turbostratic graphite͒ have been determined experimentally by inelastic neutron scattering 1,2 and electron-energy-loss spectroscopy ͑EELS͒.
3,4 Theoretically a tight-binding force-constant model ͑or a molecular-dynamics method͒ has been adopted for describing phonon energy dispersion in which a set of 8 or 12 force constants are able to reproduce the phonon energy dispersion over the Brillouin zone ͑BZ͒. [5] [6] [7] Using the 12 force-constant parameters, we have calculated the phonon dispersion relations of single-wall carbon nanotubes ͑SWNTs͒. 5, 8 Such a result has wide applicability for use in analyzing the Raman spectra of SWNTs. 9 However, inelastic neutron scattering or EELS measurements are, in general, not suitable for observing phonon dispersion relations of SWNTs directly, since a bundle of SWNTs is not a single crystal, but consists of many different chiralities and diameters of SWNTs. Further, inelastic neutron scattering is known to be unsuitable for observing phonon modes at the zone boundary.
Recently double-resonance Raman spectra have probed the phonon dispersion relations of 2D graphite. 10 So far, Raman spectroscopy does not provide the phonon dispersion relations because the wave vector of the incoming photon is too small to create phonons at a large distance from the ⌫ point in the first-order Raman scattering process. Thus only zone-center Raman modes are observed, in general, in crystalline solids from the first-order spectra. However, in second-order Raman scattering processes, there are lowintensity features in the Raman spectra, which do not originate from the ⌫ point. These peaks in the second-order Raman spectra can be classified into two-phonon peaks and disorder-induced one-phonon peaks. It is easy to distinguish most second-order Raman peaks from first-order features, since the Raman mode frequencies of the second-order Raman processes are generally dispersive, that is, the frequencies depend on the laser excitation energy E laser . An example of a disorder-induced phonon mode is the D band around 1350 cm Ϫ1 for laser excitation energy E laser ϭ2.41 eV. 9, [11] [12] [13] [14] [15] [16] This mode shifts with laser excitation energy by about 53 cm Ϫ1 /eV. The overtone mode of the D band is known as the GЈ band 12 ͑or the D* band using another notation 16 ͒ at about 2700 cm Ϫ1 with a dispersion of about 106 cm Ϫ1 /eV. The GЈ-band spectrum is visible even in highly ordered graphite, since the corresponding process involves the creation of two phonons with equal but oppositely directed momenta.
Thomsen and Reich explained the dispersion of the D-band phonon frequency with E laser by a double-resonance process. 15 This idea was then applied to all six branches of the phonon dispersion relations of graphite, for which many disorder-induced peaks can be assigned as nonzone center phonon modes when combined with the theory. 10 The assignment is almost perfect near the ⌫ point. However, the assignment is not so good near the K point ͑hexagonal corners of the 2D BZ͒, which is ascribed to the lack of experimental data from inelastic neutron measurements for regions of the Brillouin zone near the K point. In this paper, using doubleresonance Raman data, we fit the phonon dispersion relations over the whole 2D BZ. Further, in order to discuss non-zonecenter Raman modes, the vibrational motion at the high symmetry points is investigated. In particular, we present analytical results for the eigenvalues and eigenvectors, which can then be used in the fitting procedure and mode analysis.
In the following section, we present a brief overview of double-resonance phenomena associated with second-order Raman scattering. In Sec. III, we explain the fitting procedure and analytical expression for the dynamical matrix eigenvalues that we used to obtain the phonon dispersion relations. In Sec. IV we present the calculated results of the phonon dispersion relations, a new set of force constants, and analytic expressions for the eigenvalues and eigenvectors of the dynamical matrix, and in Sec. V a summary is given.
II. DOUBLE-RESONANCE RAMAN SPECTRA
In the double-resonance Raman processes, the origin of the D band and of the many weak dispersive phonon modes in the Raman spectra of graphite is explained by ͑1͒ a second-order scattering process, and ͑2͒ a resonant enhancement of the Raman intensity in two consecutive scattering processes. In the second-order scattering process, an electron with initial momentum k is ͑a͒ at first excited to the energy E i (k) by the incident photon, ͑b͒ scattered to a state k ϩq,͓E(kϩq)͔, and ͑c͒ then backscattered to the state k,͓E f (k)͔, and finally ͑d͒ recombined with a hole to yield the scattered photon. If E(kϩq) and either the E i (k) or E f (k) states correspond to real electronic states, the Raman intensity is enhanced by two resonant factors in the denominators occurring in the intensity formula, and this is known as the double-resonance Raman process. 17 When we look at double-resonance Raman processes in the 2D BZ of graphite, we see that electrons around the K point are relevant to Raman processes. As far as we restrict the exciting laser energies E laser to be E laser Ͻ3 eV, the equienergy contours of electrons can be treated as circles around the K point as a first approximation ͑see Fig. 1͒ . Further we assume that the electron energy dispersion is symmetric ϮE(k) around the Fermi energy Eϭ0, where E(k) and ϪE(k) are antibonding * and bonding bands, respectively. Here we adopt a simple tight-binding result for E(k) ͑Ref. 5͒ with a nearest-neighbor tight-binding parameter ␥ 0 ϭ2.89 eV. For smaller laser energies, we can use the linearized energy dispersion relation for electrons, E(k) ϭͱ3␥ 0 ka/2 in which a is the lattice constant aϭͱ3a C-C with a C-C ϭ1.42 Å. In this case the photon absorption occurs when E laser ϭ2E(k). Hereafter the k vectors which exist on the energy contour EϭE(k) are denoted by kϭk(E). When we consider double-resonance Raman processes involving an inelastic scattering event by emitting a phonon with energy E phonon and an elastic scattering event due to an impurity occurring for each forward and backscattering event, we have four different resonant processes. A factor of 2 ͑out of the factor 4͒ comes from two possibilities: whether inelastic or elastic scattering occurs first, and another factor of 2 comes from whether the incident E i (k) or the scattered E f (k) states are resonant. These four processes generally lead to different lengths from one another for the wave vector q of the scattering phonon. Moreover, there are two possibilities for selecting the q vectors, since there are two inequivalent energy contours around the K and KЈ points in 2D BZ. A relatively small q vector is selected for scattering within the same energy contour ͑from K to K or from KЈ to KЈ), while a larger q vector is selected for scattering from K to KЈ ͑or from KЈ to K), which we call intravalley and inter valley scattering, respectively. In total, there are eight different double-resonance Stokes scattering processes for the second-order, one-phonon emission, double-resonance D-band Stokes processes.
In Fig. 1 we show an example of the four q vectors for intravalley scattering, where solid and dotted arrows denote inelastic and elastic scattering processes, respectively. Solid and open small circles denote, respectively, resonant and nonresonant conditions. In the case of the solid circles, the corresponding energy of the state is that for E(k), while the state for open circles has an energy different from E(k). The electron-hole pair is created and recombined for the same k points next to the labels corresponding to the processes a, b, c, or d. From this point the electron is scattered to an intermediate kϩq state, which is always resonant ͑one solid circle͒. In the case of processes a and b, the incident laser with E laser is in resonance with E i (k) and solid circles of a and b correspond to the initial states. Thus the initial k vectors are on the second largest circle of the energy contour of EϭE laser /2. In the case of a, the scattering to the intermediate state is inelastic ͑solid arrow͒, and the corresponding energy lies on the smallest circle where EϭE laser /2ϪE phonon . The backscattering to k now becomes elastic and E f (k) ϭE laser /2ϪE phonon is smaller than E i (k) which is denoted by an open circle. In the case of b, the scattering to the intermediate states is elastic and thus the intermediate states are on the same circle as the initial states. The backscattering to the initial states for b is inelastic and E f (k) is nonresonant and has an energy E laser /2ϪE phonon .
For processes c and d, the final states with E f (k) are resonant with the scattered energy E laser ϪE phonon and thus the final k vectors are selected on k(E laser /2ϪE phonon /2), which are the second smallest circles in Fig. 1 . The corre- Solid and open circles denote resonant and nonresonant states, respectively. Processes a and b, and c and d correspond, respectively, to incident and scattered resonance conditions. Four energy surfaces correspond to the energies from the smallest energy ͑or circle͒, E laser /2ϪE phonon , E laser /2ϪE phonon /2, E laser /2, and E laser /2 ϩE phonon /2, for which the k vectors are denoted by k 1 to k 4 , respectively. The separation between two circles is artificially enlarged for clear understanding.
sponding initial k vectors for c and d lie on the circles k(E laser /2ϪE phonon /2). In the case of c, since the backscattering is elastic, the intermediate states should have the same energy as E f (k), while in the case of d, the backscattering is inelastic and thus the intermediate state has a higher energy than the final state by the phonon energy, namely, E laser /2 ϩE phonon /2.
Thus we can classify the four processes by either an incident or scattered resonance Raman event, and by the fact that either the elastic or the inelastic event occurs first: a incident resonance, inelastic first, b incident resonance, elastic first, c scattered resonance, inelastic first, and d scattered resonance, elastic first. As a result, four electron energy contours separated by E phonon /2 are relevant for the double-resonance processes, as shown in Fig. 1 . Thus four energy surfaces correspond to the energies from the smallest energy ͑or circle͒ in Fig. 1 , E laser /2ϪE phonon , E laser /2ϪE phonon /2, E laser /2, and E laser /2ϩE phonon /2, for which the k vectors are denoted by k 1 to k 4 , respectively. It is noted here that E phonon (р0.15 eV) is generally much smaller than E laser (2ϳ3 eV) so that the distance between two of the circles ␦kϭk(E phonon /2) is smaller than the diameter of the circles and much smaller than the hexagonal edge of the 2D BZ. Figure 1 is drawn schematically to convey a clear understanding of the physical processes.
The phonon q vectors for the intravalley scattering are related to phonon wave vectors around the ⌫ points. In the case of intervalley scattering, the intermediate kϩq states exist at inequivalent KЈ points with the same energy as in Fig. 1 . The corresponding q vector has a value from K to KЈ ͑or from ⌫ to K). The q vectors for the intervalley scattering are related to those around the K point. 10 For any k vector, possible q vectors exist on the circle of the kϩq states for each case, and the length of the q vectors can be changed from the closest to the most distant points on the circles. Since we can assume that the q vectors are homogeneously distributed on the 2D BZ, and especially on the circles, the density of the distance of q vectors from the K point, has a singularity for ͉q͉ at the minimum and the maximum points, which are shown in Fig. 2 . The maximum ͉q͉ vector corresponds to 2͉k͉ if we neglect the small difference between the diameters of the circles, as mentioned above. In the case of the minimum ͉q͉ values, we can assume ͉q͉ϭ0, which is exact for b and c. Since the phonon dispersion, except for the acoustic phonon mode, is flat around ͉q͉ϭ0, the minimum ͉q͉ϳ0 also gives a phonon frequency similar to that of ͉q͉ϭ0. It is clear that the lengths of the q vectors are equal for the two processes of each figure. This gives two split peaks in the dispersive phonon modes for ͉q͉ 0 and one peak for ͉q͉ϭ0 when the distance is measured from the ⌫ and K points for intravalley and intervalley scattering, respectively. Recent Stokes and anti-Stokes experimental spectra observed for the D band in disordered graphite can be decomposed into two Lorentzians. 18 However, in the following analysis of the fitting procedure of the phonon dispersion relations, we treat each peak as an average value. In fact, since the error bar for the fitting procedure is larger than the splitting, we can neglect the D-band splitting in the first approximation.
III. FITTING PROCEDURE AND ANALYTICAL SOLUTION METHOD
For a given energy of E laser , we can select ͉k͉ values by using the electronic energy dispersion relations of 2D graphite, and then we can specify the phonon ͉q͉ϭ2͉k͉ or 0 vectors measured from the ⌫ and K points. The observed weakly dispersive phonon modes should be on the phonon dispersion relations corresponding to ͉q͉ values near the ⌫ point. Here we fit experimental data to the calculated phonon dispersion relations, which are calculated by a molecular dynamics method in which the dynamical matrix is solved using 12 force constants, up to fourth neighbor carbon atoms. 5, 8 We then perform a nonlinear least squares fit for the forceconstant vector f which minimizes the least-squares value of S(f),
where i,n obs and i,n calc (q i,n ,f) are the observed and calculated phonon frequencies, respectively. Here the index i in the sum runs over the phonon branches, and the index n runs over the points in the i-th phonon branch whose number is N(i). The least-squares value from each point is multiplied by the weight A i,n . If we give a larger weight to one point, we can increase the importance of that point. The weight is used to include an experimental error or to increase the quality of the fit near points that are considered to be important, e.g., the zone-center modes or the modes pertinent to the D band. Although there exists some ambiguity in assigning the weight A i,n , it is necessary to make such an assignment to get good convergence for the inhomogeneously distributed experimental data. The phonon q vectors are selected by calculating the density of ͉q͉ vectors, which satisfy the energy momentum conservation law in the double resonance condition
E͑kϩq͒ϭE͑k͒Ϫប͑q,f͒ ͑2͒
and so on, for each of the four processes. Thus q and (q) are self-consistently solved in the sense that the (q) relation used for obtaining q in Eq. ͑2͒ becomes the same as that for fitting (q) to Eq. ͑1͒. The least-squares fit is obtained by linearizing i,n calc (q,f) with respect to f, and the fit is accomplished when the input (q) and the fitted i,n calc (q,f) are identical.
The force-constant vectors, eigenvalues, and eigenvectors at the high symmetry points are given by the converged results. We also did an analytical calculation using MATHEMATICA for obtaining the phonon frequency at the high symmetry points as a function of the force-constant vector. Such results are useful for obtaining the forceconstant values from the phonon frequencies. The information on the eigenfunctions ͑normal modes͒ is useful for understanding the corresponding non-zone-center phonon modes.
IV. RESULTS

A. Numerical fitting of the phonon dispersion relations
In Fig. 3 , the fitted phonon dispersion relations are shown by solid lines. The dashed lines are the phonon dispersion relations that are fitted to inelastic neutron scattering data. Solid dots, solid squares, crosses, and triangles are Raman data of highly ordered pyrolytic graphite ͑HOPG͒, 19, 20 single-wall carbon nanotubes ͑SWNTs͒, 16 HOPG and SWNTs, 21 and graphite whisker ͑GW͒, 22 respectively. In order to improve the convergence of the iterative fitting, we have also used inelastic neutron scattering data ͑open circles in Fig. 3͒ in the low-frequency region near the M point that was used in the previous fitting. 5 The data points at the ⌫ point are taken from first-order Raman scattering, and those at the K point are taken from dispersionless weak features, which are assigned to qϭ0 singular phonon modes. When we compare the phonon dispersion of the solid and dotted lines, only the higher-frequency region around the K point is different. In the lower-frequency region, the dispersive Raman data are in good agreement with the previous phonon dispersion relations. There are dispersive Raman data around 1050 cm Ϫ1 , which shift the longitudinal acoustic ͑LA͒ mode to a lower-frequency region. In the phonon dispersion relations obtained by inelastic neutron data, this LA mode is highly anisotropic around the K point. Since the doubleresonance theory gives the phonon frequencies in terms of the distance from the K ͑or the ⌫) point, we cannot determine the anisotropy of the phonon branches around the K point. However, no experimental inelastic neutron data are available near the K point, and the lowering of the LA curve from the ⌫ to the K point seems to be in good agreement with the experiment.
The second highest phonon dispersion branch around the K point gives the D-band frequency. The fitted phonon dispersion in Fig. 3 gives a smaller slope for the phonon dispersion relation than that given by the previous one. It should be mentioned that we excluded some experimental points for higher E laser values on the K-M line. Along the K-M line the anisotropy of the phonon dispersion is large compared with the K-⌫ line. Since our double-resonance model calculation only gives the distance of the q vector, which is the ͉q͉ value from the K point, the calculation might not be adequate for the fitting procedure for larger laser energies if there is a large anisotropy (ϳ30 cm Ϫ1 ) in the phonon dispersion relations for large ͉q͉. Such an anisotropy is known as the trigonal warping effect and the circles are modified to show an approximate triangular shape. In this case, since the edge section, which gives a singular ͉q͉ is given around the K-⌫ line, the treatment that we give for the experimental points on the K-⌫ line is justified. When D-band phonon data become available for smaller laser energies, it will be nice to have more reliable data around the K point ͑or the ⌫ point͒, which can then be used in a future study.
For use in future studies, we list in Table I an updated summary of the 12 fitted force constants in which ⌽ r (n) , ⌽ ti (n) , and ⌽ to (n) denote, respectively, the force constants of the radial, in-plane, and out-of-plane modes for the n-th nearest neighbors (nϭ1, . . . ,4). Force constants up to fourth neighbor atoms are needed to reproduce the twisting vibra- tions of a C-C bond in which the fourth nearest neighbor C1 and C2 atoms in C1-C-C-C2 are vibrating. When we compare Table I with the previous force constants in parentheses, 5 the radial force constants for the second and third-nearest neighbors of Table I become relatively weak, and the tangential force constants become relatively hard, reflecting some modification to the values of the optical phonon modes.
B. Analytic expressions for the phonon modes
With the 12 force-constant parameters, we can solve the phonon frequencies at a k point by solving the 6ϫ6 dynamical matrix. 5 If we can get some relationship between the force constants and phonon frequencies at some high symmetry points, the fitting procedures will be simplified. Forceconstant sum rules are conditions that give a zero phonon frequency for the translational and rotational motion at q ϭ0. 5, 23 This condition is included by generating the forceconstant tensors through rotation of one initial force-constant tensor. Another relationship is related to the eigenstates at high symmetry points where the phonon frequencies are given by a simple formula for the force constants, which decouples the problem into a smaller number of fitting parameters. Although we do not directly use these equations, they will be useful for understanding the various phonon dispersion relations of sp 2 carbons. Here we show some analytical results of the phonon eigenmodes that are analytically determined as functions of the 12 force constants. An analytical calculation of the diagonalization of the 6ϫ6 dynamical matrix is solved by MATHEMATICA at the three high symmetry points of 2D graphite BZ ͑⌫, K, and M͒. 5 For the 18 eigenvalues, three are acoustic phonon modes with zero frequency, which are independent of the force constants and the other three are doubly degenerate phonon modes, which is consistent with group theoretical arguments, 7 and are independent of the set of force constants that are used. Thus we get 12 formulas, which consist of eight in-plane and four out-of-plane modes, as shown in the Appendix. Since the in-plane and out-ofplane phonon modes are orthogonal in the graphene plane, the corresponding eigenvalues are given, respectively, in terms of in-plane and out-of-plane force constants. The conversion constant from a force constant in dyn/cm to a phonon frequency in cm Ϫ1 is given by Cϭ1.189 28 (cm Ϫ1 /dyn) 1/2 . In Table II , we list the corresponding phonon frequencies and normal modes, which are obtained by the set of fitted force constants.
For the ⌫ point, the in-plane tangential phonon frequencies i1 and i2 are degenerate at 1589 cm Ϫ1 . This degeneracy comes from the facts that graphite is not an ionic crystal and that there is a threefold symmetry around each carbon atom. 5 For all phonon modes at the ⌫ point, all A ͑or B) atoms in the unit cells of 2D graphite move in the same phase, and, therefore, no second-nearest neighbor force constants ⌽ (2) appear in the expressions ͑see the Appendix͒. Here, when we consider an A(B) atom for the central atom, the first, the third, and the fourth-nearest neighbors are B(A) atoms, while the second-nearest neighbors are A(B) atoms.
For the K point modes, the in-plane tangential optic phonon modes ( i2 , i3 ) and the tangential out-of-plane modes ( o1 , o2 ) are degenerate. At the K point, either the A, or B atoms move in the normal mode eigenfunction, while the other atoms do not move. A similar situation appears, also, in the case of the electronic wave functions, where either the A, or B, components of the Bloch functions in the eigenfunctions have the proper value at the K points. It is interesting to see the result in the Appendix, that the degenerate eigenvalues are expressed by eigenvalues at the ⌫ points and the second-nearest neighbor force constant. The reason why a second-nearest neighbor force constant appears here is that the direction of the movement of the two second-nearest neighbors is not parallel. At the M point, both the A and B atoms move in the eigenfunctions differently, and thus all force constants appear mixed and no eigenstates are degenerate.
Although we have 12 relations between nonzero phonon frequencies at the high symmetry points and 12 unknown force constants, we cannot solve directly for all of the 12 force constants. The number of independent equations of the 12 equations in the Appendix is nine, which is understood in terms of the rank of the matrix for the 12 simultaneous equations. This means that three dependent equations between phonon frequencies at the different symmetry points exist. After some analytic calculation, we get the following three relations: 
These equations are independent of the set of force constants and thus they are useful for estimating the data that yield the phonon dispersion relations over the whole BZ of 2D graphite. Hopefully these results can also be applied to improve the present status of understanding of the phonon-related properties of carbon nanotubes.
In Fig. 4 , we show examples of the eigenstates for the in-plane optic phonon modes for ͑a͒ i2 (K) and ͑b͒ i2 (M ) whose phonon frequencies are 1272 and 1369 cm Ϫ1 , respectively. Starting from a lattice point of the B atom denoted by solid circles in Fig. 4 , the vibrations of other atoms are given by multiplying the factor exp(iq•R) by the complex eigenfunctions of the unit cell of 2D graphite as shown in Table II when we shift the vibration by a lattice vector R. For the q vectors at the K and M points, the vibration has a periodicity, respectively, of the ͱ3ϫͱ3 and 2ϫ2 supercells of 2D graphite, which are shown by dotted lines in Fig. 4 . In Table  II Since the eigenfunctions near the K and KЈ points show a large amplitude for either the A or B atoms, the localized phonon modes with a single missing atom have a frequency similar to that of the K point phonon modes. We see a localized phonon around a point defect, and the vibrational amplitude around the defect becomes large when its phononmode frequency is close to that of a D-band phonon frequency mode. The same situation appears at the edge of a nanographite cluster where only A ͑or B) atoms are present at the so-called zigzag edge. 24 On the other hand, at the armchair edge, an even number of A and B atoms exists, which favors ⌫ point phonon eigenfunctions for constructing localized phonon modes. It would be interesting to compare the Raman intensity for the dispersive phonon modes from different types of defects, and this will be addressed in future work.
V. SUMMARY
In summary, we fit the dispersive phonon modes around the K and ⌫ points to the phonon dispersion relations in a self-consistent way. The optical phonon modes of the phonon dispersion relations near the K point are modified by the fitting to new experimental data, and the results can be checked by further experimental observations. We also give analytic expressions for the eigenvalues and eigenfunctions of the 2D graphite phonon modes at the high symmetry points. The analytic expressions for the phonon eigenvalues are useful for decoupling the fitting procedure for different force constants, while the direction of the eigenfunctions is determined only by symmetry at the high symmetry points. We found some dependent equations between phonon frequencies at high symmetry points, which will be useful for checking the calculation and for estimating phonon frequencies from known values. Second-order Raman spectra thus have provided new force-constant sets that will cover the phonon dispersion relations over the whole BZ of 2D graphite and will also apply to the phonon properties of carbon nanotube.
